Abstract-In this paper, the possibilities of finding out surface plasmons in negative-permittivity metamaterial scatterers, using surface integral equations, are discussed. Electrostatic resonances manifest themselves as very high values of the polarizability for a certain (negative) value of the permittivity. Another way to locate the position of the resonances is to calculate the eigenvalues of the source-free integral equation operator for the static potential on the surface of the particle.
A dielectric sphere with relative permittivity ε r behaves like an electric dipole when it is excited by a long-wavelength electric field. The amplitude of this dipole moment is proportional to the electric field and the coefficient of proportionality is the polarizability. In a form normalized by the volume of the sphere and free-space permittivity, the polarizability in normalized form reads [1] .
This expression reveals fascinating properties when we allow the relative permittivity ε r to take negative values (this is of interest within the study of metamaterials). Obviously, the case ε r = −2 leads us into a singularity. This infinity, known for metals, for example, in the high optical or ultraviolet frequencies, carries several names: surface plasmon, Fröhlich mode, electrostatic resonance.
Despite this singularity, the case of sphere (and also, by the way, ellipsoid, for which the polarizability can also be calculated in closed form) can be said to behave "reasonably" over the whole range of real values for the relative permittivity. Namely, only one infinity appears and its position and amplitude are well defined and connected to the axis ratios of the scatterer. However, when the shape deviates from these canonical forms, very strange things seem to happen. In our experience, all numerical and semianalytical efforts fail to reconstruct the whole range of the polarizability for negative values, at least in all nontrivial cases that we have been studying. Several singularities appear, some of which seem to be physical, but many perhaps numerical artifacts.
In this presentation, we will present our findings on these electrostatic resonances for negativepermittivity materials. We use surface-integral equation with method of moments to solve the polarizability for different shapes: in addition to sphere and ellipsoid, we study the shapes of cube and semisphere for which the wedges and corners may be one source of difficulties in the solution of the electrostatic potential. Another approach to locate the electrostatic resonances is to find eigenvalues to the source-free integral equation for the surface charge distribution [2] . This method gives the positions of the singularities directly in contrast to the straightforward evaluation of the polarizability over the whole domain of negative values of permittivity. However, this calculation returns a large set of eigenvalues, and it needs certain efforts to identify which of the eigenvalues corresponds to a given multipole resonance. In the following, we will present results from our calculations of the behavior of electrostatic resonances when the shape starts to deviate from the perfect spherical form towards a cube. Also, the effect of a finite frequency on the resonances is studied.
SURFACE INTEGRAL EQUATION FORMULATION
Let D be a homogeneous dielectric object in a homogeneous medium with a surface S and exterior unit normal vector n. The exterior and interior of D are characterized with constant electromagnetic parameters ε l and µ l = µ 0 , l = 1, 2, respectively. In addition, let E p and H p denote the primary fields with sources in the exterior.
In the electrostatic case (ω = 0) an integral equation for the unknown potential function φ on the surface S reads [3] .
where
I is the identity operator, G 0 = 1/(4π|r − r |) is the static Green's function and φ p is the scalar potential of the primary electric field.
In the dynamic case (ω > 0) the integral equation system of the N-Müller formulation for the unknown equivalent magnetic and electric surface current densities, M = −n × E and J = n × H, reads [4] .
As has been shown in [4] the N-Müller formulation remains stable even at very low frequencies and thus can be used to study the behavior of electrostatic resonances as the frequency is increased. In fact, at ω = 0, the N-Müller formulation decouples into two separate equations for the electrostatics and magnetostatics cases
where K 0 is the following integral operator
The above equations, (2) and (4), are discretized with the method of moments using Galerkin method and linear continuous basis functions for the static potential and Rao-Wilton-Glisson basis functions for the equivalent surface currents densities in the dynamic case. More details are presented in [3] and [4] .
EIGENVALUE PROBLEM
In the static case the resonances at negative values of ε 2 can be found by studying the eigenvalues of the integral operator of (2) [2] . By rewriting the equation as this can be formulated as a generalized eigenvalue problem
NUMERICAL RESULTS
We present numerical results for a sphere and a smoothened cube defined as
The case n = 2 corresponds to a sphere and n = ∞ corresponds to a cube. Figure 1 displays the triangular surface meshes of a sphere and a smoothened cube with n = 2.1. Figures 2-3 show the (absolute value of the) normalized polarizability of a sphere and a smoothened cube at zero frequency and at a frequency corresponding to k 0 a = 0.01 as a function of the relative permittivity of the object. Here a is the radius of the sphere and k 0 is the wave number in vacuum. In the dynamic case the electrostatic normalized polarizability is calculated from the monostatic radar cross section σ as [5] .
where V is the volume of the object.
CONCLUSIONS
The results for the polarizability curves as function of the negative permittivity show clearly the changes of the electrostatic resonance peak as the shape of the scatterer starts to deviate from sphere, and also in the case when the frequency becomes finite and the situation is no longer electrostatic. The main plasmon (ε r = −2) begins to move into smaller values (ε r < −2). But at the same time new resonances appear at permittivity points −1−1/m, (m = 2, 3, 4, . . .), and these values also start to float towards more negative values. An interesting observation is that although the "smoothed cube" with n = 2.1 is a shape visually nearly identical to a sphere (Figure 1 ), its resonance behavior is already much different. Furthermore, our preliminary studies about the behavior of the static surface integral operator show that these resonances correspond exactly to the positions of the eigenvalues of the source-free integral operator eigenproblem.
